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Abstract
After a short description of the currents coming from the known conservation laws in
classical physics, we look at some further cases which arise after quantization in relation
to quantum chromodynamics (QCD) at finite temperature. In these cases, however,
some basic changes appear with the anomalies. First we go into the relationship
between the trace of the energy momentum tensor and the gluon condensates at finite
temperatures. Using the recent numerical data from the simulations of lattice gauge
theory we present the computational evaluations for the gluon condensates at finite
temperatures. Thereafter we discuss the effects of chiral symmetry breaking and its
restoration at finite temperature through the chiral phase transition. In this context we
investigate the properties of the gluon condensate in the presence of massive dynamical
quarks using the numerical data. Finally we put together these results with a discussion
of the various anomalous currents and their relationship to our findings here.
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1 Introduction
It is well known that the Maxwell Equations are invariant under the ten generators of the
Lorentz Group. This property may be expressed by means of the conservation laws for
the terms corresponding to the energy-momentum (4 terms) and the angular momentum
(6 terms). This was the understanding already at the founding of the special theory
of relativity [1]. Not long thereafter Bateman [2] pointed out that electromagnetism in
vacuuo had a much greater invariance under the fifteen generator conformal group. Some
of the consequences of this were later pointed out in a work of Bessel-Hagen [3], which
came out of an investigation of the conservation laws due to Noether [4] in both mechanics
and electrodynamics with special attention to the corresponding currents. This work [3]
made a careful analysis of the conformal group and its realization in the additional currents
known as the special conformal and dilatation currents, which appear in addition to those
of the conserved energy, momentum and angular momentum. Furthermore, it was then [3]
realized that the special conformal (4 terms) and the dilatation (1 term) currents are not
conserved when massive particles are present. This fact may be expressed by the presence
of a trace in the energy momentum tensor. However, Bessel-Hagen then proceeded to set
this trace to zero in order to get the sought after conservation equations. This procedure
is clearly valid in classical electrodynamics when no massive particles are present. The
obtained conservation laws represent all the currents invariant under the full conformal
group in Minkowski space-time. This is historically the classically expected situation for
a pure gauge invariant field theory.
About one half a century ago Steinberger as well as Fukuda and Miyamoto studied
the electromagnetic decay of the neutral pion into two photons π0 → 2γ. They regarded
this process as going over to a virtual pair of proton and antiproton written in the form
of the now famous triangle diagram where π0 → pp¯ → 2γ . This brought about a
number of studies of related ideas especially that of Schwinger who pointed out that the
conservation of the axial current Jµ
5
given by ψ¯γµγ5ψ in QED is not upheld when the
current is properly regularized. This fact is stated by the divergence of this axial current
in the equation
∂µJ
µ
5
= J5 +
e2k
8π2
F¯ µνFµν , (1.1)
where J5 is 2imP with P as ψ¯γ5ψ the expected pseudoscalar part of the divergence
relating to the particle mass m, k is a constant containing some numerical factors like h¯
and F µν and F¯ µν are the electromagnetic field strength tensor and its dual. This result
was later rediscovered in 1969 independenly by Adler in spinor electrodynamics and Bell
and Jackiw [5] for the σ model. Their results were very similar to the above form in (1.1).
A discussion of the axial current anomaly is found in the literature [6, 7]. We will look
into the properties of the axial currents in relation to the breaking of chiral symmetry in
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QCD and its restoration at very high temperatures.
Now we want to look at these currents to discuss them in relation to the physics
arising in the presence of strong interactions. We shall assume a local conservation of
energy and momentum under the strong interaction. During the course of this work we
shall see how the unconserved currents in QCD at finite temperature come to provide
particular differential forms. First we look at the dilatation current Dµ and the four
special conformal currents Kµα. We begin with the equation for Dµ(x) which is just the
product xαT
µα of the displacement four vector xµ and the energy momentum tensor T µν
whose four-divergence gives after renormalization just the trace of the energy- momentum
tensor T µµ as follows:
∂µD
µ = T µµ . (1.2)
A similar equation can be written for the divergence of the special conformal currents
∂µK
µα = 2xαT µµ , (1.3)
where the special conformal currents Kµα are given by
Kµα = (2xαxν − g
α
ν )T
µν . (1.4)
Prior to around 1970 it was generally supposed that the finiteness of T µµ related only to
known masses. The renormalization of the nonabelian field theories and the study of the
renormalization group equations (Callan-Symanzik equations) brought new attention to
the problem. Now this brings us to the point of actually considering what is new in QCD
at finite temperatures. Furthermore, we also want to know why all the conservation laws
of classical electromagnetism do not fulfill our expectations. The simple answer to these
questions lie in the process of renormalization of the quantum field theory, which acts as
a scale setter. We shall also discuss the chiral anomaly both for its historical role as well
as its role in the presence of dynamical quarks.
In the next section we shall first discuss the consequences for the gluon condensate at
finite temperature. Thereafter we use the results of numerical simulations for the pure
gauge theories [8,9]. The essential relationship for these calculations is the trace anomaly
which arises directly from the scale variance of QCD. It relates the trace of the energy
momentum tensor to the square of the gluon field strenths through the renormalization
group beta function. Here we shall expand upon the approach investigated in [10], for
which the consequences of the new finite temperature lattice data for SU(Nc) gauge
theory for the gluon condensate [11] have been presented. After this we shall look into
some of the properties of the chiral condensate at finite temperature in relation to the
axial anomaly in QCD, which relates to the presence of the quark condensates at finite
temperatures. At this point we will consider from the numerical results the properties
of the gluon condensate in the presence of dynamical quarks. Then we mention some
of the properties of the anomalous currents at finite temperature in terms of the related
differential forms to which we ascribe a certain physical meaning. Finally we conclude
this work with a brief discussion of a three dynamical quark model
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2 The Trace Anomaly at finite Temperature
The study of the relationship between the trace of the energy momentum tensor and
the gluon condensate has been carried out at finite temperatures by Leutwyler [12] in
relation to the problems of deconfinement and chiral symmetry. He starts with a detailed
discussion of the trace anomaly based on the interaction between Goldstone bosons in
chiral perturbation theory. Central to his discussion is the role of the energy momentum
tensor, whose trace is directly related to the gluon field strength. It is important to note
that the energy momentum tensor T µν(T ) can be separated into the zero temperature or
confined part, T µν
0
, and the finite temperature contribution Θµν(T ) as follows:
T µν(T ) = T µν
0
+ Θµν(T ). (2.1)
The zero temperature part, T µν
0
, has the standard problems with infinities of any ground
state. It has been discussed by Shifman, Vainshtein and Zakharov [13] in relation to
the nonperturbative effects in QCD and the operator product expansion. The finite
temperature part, which is zero at T = 0, is free of such problems. We shall see in the
next section how the diagonal elements of Θµν(T ) are calculated in a straightforward way
on the lattice. The trace Θµµ(T ) at finite temperatures in four dimensions is connected
to the thermodynamical contribution to the energy density ǫ(T ) and pressure p(T ) for
relativistic fields as well as in relativistic hydrodynamics [16]
Θµµ(T ) = ǫ(T )− 3p(T ). (2.2)
This quantity actually provides a form of the equation of state! The gluon field strength
tensor is denoted by Gµνa , where a is the color index for SU(N). The basic equation for
the relationship between the gluon condensate and the trace of the energy momentum
tensor at finite temperature was written down [12] using the trace anomaly in the form
as Leutwyler’s equation
〈G2〉T = 〈G
2〉0 − 〈Θ
µ
µ〉T , (2.3)
where the gluon field strength squared summed over the colors is
G2 =
−β(g)
2g3
Gµνa G
a
µν , (2.4)
for which the brackets with the subscript T mean thermal average. The renormalization
group beta function β(g) in terms of the coupling may be written as
β(g) = µ
dg
dµ
= −
1
48π2
(11Nc − 2Nf)g
3 + O(g5). (2.5)
The quantity β(g) has the effect of summing the loop contributions arising in the renor-
malization of the vertices. In the third order O(g3) the structure starts with the triangle
diagram for the vertex correction, which for the pure gluon case has just the two contri-
butions at this order. However, the case for light quarks additional terms are included in
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the renormalization process involving the quark triangle as well as the ghost triangle not
to mention the further explicit effects of the mass renormalization [17].
Leutwyler has calculated for two massless quarks using the low temperature chiral
perturbation expansion the trace of the energy momentum tensor at finite temperature
in the following form:
〈Θµµ〉T =
π2
270
T 8
F 4pi
{
ln
Λp
T
}
+ O(T 10), (2.6)
where the logarithmic scale factor Λp is about 0.275 GeV and the pion decay constant
Fpi has the value of 0.093 GeV . The value of the gluon condensate for the vacuum 〈G
2〉0
was taken to be about 2 GeV/fm3, which is consistent with the previously calculated
values [13]. The results sketched by Leutwyler at Quark Matter’96 in Heidelberg [12]
show a long flat region for 〈G2〉T as a function of the temperature until it arrives at values
of at least 0.1 GeV where it begins to show a falloff from the vacuum value proportional
to the power T 8.
3 Lattice Data for the Gluon Condensate for Pure
SU(Nc)
In this section we want to describe the lattice computation at finite temperature in some
detail. As usual for statistical physics we start with a partition function Z(T, V ) for a
given temperature T and spatial volume V . From this we may define the free energy
density as follows:
f = −
T
V
lnZ(T, V ). (3.1)
The volume V is determined by the lattice size Nσa, where a is the lattice spacing and Nσ
is the number of steps in the given spatial direction. The inverse of the temperature T is
determined by Nτ is the number of steps in the (imaginary)temporal direction. Thus the
simulation is done in a four dimensional Euclidean space with given lattice sizes N3σ ×Nτ ,
which gives the volume V as (Nσa)
3 and the inverse temperature T−1 as Nτa for the
four dimensional Euclidean volume. In an SU(Nc) gauge theory the lattice spacing a is
a function of the bare gauge coupling β defined by 2Nc/g
2, where g is the bare SU(Nc)
coupling. Thereby this function fixes both the temperature and the volume at a given
coupling. Now we let Pσ,τ the expectation value of, respectively space-space and space-
time plaquettes, whereby
Pσ,τ = 1 −
1
N
Re〈Tr(U1U2U
†
3
U †
4
) (3.2)
for the usual Wilson action [9]. These plaquettes may be generalized to the improved
actions on anisotropic lattices [15] for SU(2) and SU(3). For the symmetric Wilson action
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we define the parts S0 as 6P0 on the symmetric lattice N
4
σ and ST as 3(Pσ + Pτ ) on the
asymmetric lattice N3σ × Nτ . We now proceed to compute the free energy density by
integrating these expectation values as
f(β)
T 4
= −N4τ
β∫
β0
dβ ′[S0 − ST ], (3.3)
where the lower bound β0 relates to the constant of normalization. At this point we
should add that the free energy density is a fundamental thermodynamical quantity from
which all other thermodynamical quantities can be gotten. Also it is very important in
relation to the phase structure of the system in that the determination of the transitions
for their order and critical properties as well as the stability of the individual phases are
best studied.
Next we define lattice beta function in terms of the lattice spacing a and the coupling
g as
β˜(g) = −2Na
dg−2
da
. (3.4)
The dimensionless interaction measure ∆(T ) [18] is then given by
∆(T ) = N4τ β˜(g) [S0 − ST ]. (3.5)
The crucial part of these recent calculations is the use of the full lattice beta function,
β˜(g) in obtaining the lattice spacing a, or scale of the simulation, from the coupling g2.
Without this accurate information on the temperature scale in lattice units it would not be
possible to make any claims about the behavior of the gluon condensate. The interaction
measure is the thermal ensemble expectation value given by (ǫ−3p)/T 4. Thus because of
equation (2.2) above the trace of the temperature dependent part of the energy momentum
tensor here denoted as Θµµ(T ) is equal to the expectation value of ∆(T ) multiplied by a
factor of T 4, which may be calculated [10, 11] as a function of the temperature as
Θµµ(T ) = ∆(T )× T
4. (3.6)
There are no other contributions to the trace for the pure gauge fields on the lattice.
The heat conductivity is zero. Since there are no non-zero conserved quantum numbers
and, as well, no velocity gradient in the lattice computations, hence no contributions from
the viscosity terms appear. For a scale invariant system, such as a gas of free massless
particles, the trace of the energy momentum tensor, equation (3.6), is zero. A system
that is scale variant, perhaps from a particle mass, has a finite trace, with the value of
the trace measuring the magnitude of scale breaking. At zero temperature it has been
well understood from Shifman et al. [13] how in the QCD vacuum the trace of the energy
momentum tensor relates to the gluon field strength squared, G2
0
. Since the scale break-
ing in QCD occurs explicitly at all orders in a loop expansion, the thermal average of
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the trace of the energy momentum tensor should not go to zero above the deconfinement
transition. So a finite temperature gluon condensate G2(T ) related to the degree of scale
breaking at all temperatures, can be defined to be equal to the trace. We have used [11]
the lattice simulations [8,9] in order to get the temperature dependent part of the trace
and, thereby, the value of the condensate at finite temperature. The trace of the energy
momentum tensor as a function of the temperature is shown in Figure 1. We notice that
for T < Tc it remains constant at zero. However, above Tc in both cases there is a rapid
rise in Θµµ(T ). Accordingly, the vacuum gluon condensate G
2
0
becomes just the usually as-
sumed value 0.012 GeV 4 for both cases [13]. It is clear that newer estimates [14] attribute
a considerably higher value to the vacuum gluon condensate of about 0.0226 GeV 4, which
clearly increases our value for the low temperature phase, but does not in any way alter
the conclusions for the pure gauge system in as far as the disappearance of the conden-
sate is concerned. By taking the published data [8, 9] for ∆(T ), and using Leutwyler’s
equation (2.3) together with the equation for the trace at finite temperature (3.6) we
have obtained the gluon condensate G2(T ) at finite temperature as shown in Figure 1.
In the left part of Figure 1 we compare the growth of SU(2) and SU(3) for the finite
temperature part of the trace of the energy momentum tensor Θµµ(T ). We note the con-
tinued growth of the trace with increasing temperature for the pure gauge theories. It
was already contrasted [11] over a much larger temperature range the rapidity of growth
in comparison where also properties of the critical behavior were included. The difference
in the change of the thermal properties of the gluon condensate are then apparent with
0.2 0.3 0.4
0
0.01
0.02
0.03
0.04
(T)
T(GeV)
 SU(2)
 SU(3)
0 0.1 0.2 0.3 0.4
-0.02
-0.01
0
0.01
0.02
G2(T)
T(GeV)
 SU(2)
 SU(3)
Figure 1: The left plots show Θµµ(T ) for the lattice gauge theories SU(2) and SU(3) as
indicated. The right plots show the corresponding gluon condensates. The values for
the critical temperature Tc = 0.290, 0.264 GeV for SU(2) and SU(3), respectively. Both
ordinates are in GeV 4.
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the assumed same vacuum structure, which is shown in the right part of Figure 1. These
results of pure lattice gauge theory is completely consistent with the previous statement
of Leutwyler [12] ”the gluon condensate does not disappear but becomes negative and
large.” For the pure gauge theories there appears no reason for stopping the melting pro-
cess as the temperature increases since gluons can be created without the limitations of
a set scale other than that which comes out of the renormalization process at any given
temperature.
4 The Chiral Condensate at Finite Temperature
In the presence of dynamical quarks another symmetry becomes important– the chiral
symmetry. When the quarks have masses, this symmetry is automatically broken. The
chiral symmetry is a property of the two different representations of SL(2,C) denoted by
2 and 2∗ arising for the Dirac spinors. It is the presence of the quarks’ mass terms in the
Dirac equation that formally breaks the chiral symmetry. This comes formally out of the
nonconservation of the axial current jµ
5
as discussed above in equation (1.1) relating to
the triangle diagrams, such that the chiral anomaly for QCD takes the form
∂µj
µ
5
= j5 +
k1
8π2
G¯µνa G
a
µν , (4.1)
where k1 is a constant. This situation has important implications in the case for finite
temperatures where for T sufficiently high the chiral symmetry is restored in the small
mass limit. We shall discuss the implications of this both from the theoretical side and
the numerical side where a finite small mass is present.
We now look at the chiral condensate at finite temperatures using chiral perturbation
theory. The low temperature expansion for two massless quarks can be written [12] in the
following form:
〈ψ¯qψq〉T
〈ψ¯qψq〉0
= 1 −
1
8
T 2
F 2pi
−
1
384
T 4
F 4pi
−
1
288
T 6
F 6pi
{
ln
Λq
T
}
+ O(T 8) + O(exp
−M
T
),
(4.2)
where Fpi is the above mentioned pion decay constant and the scale Λq is taken as approx-
amately 0.470GeV . Leutwyler has shown at Quark Matter ’96 [12] that this expansion
up to three loops remains very good at least to 0.100GeV . Thus at low temperatures
the probability of finding any given excited mass state is related to the exponentially
small correction, which then has, indeed, a very little value. As the temperature grows
the number of particle states begins to grow exponentially as would be indicated by the
Hagedorn spectrum [19],which leads to a problem with this series at high temperatures.
However, at low temperatures the excited states may be regarded as a dilute gas of free
particles since the chiral symmetry supresses the interactions by a power of T of this gas
of excited states with the primary pionic component.
Upon approaching the chiral symmetry restoration temperature Tχ the picture changes
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drastically. At this point the ratio T/Fpi is considerably greater than unity. It is here
where one expects the chiral condensate to be very small or to have totally to have van-
ished. This effect has been studied recently numerically [20] for two light flavors at finite
temperature on the lattice. The results of this simulation is shown for 〈ψ¯qψq〉T/〈ψ¯qψq〉0,
which we simply write as 〈ψ¯ψ〉. We show this quark condensate ratio as a function of
the coupling β for the range where the chiral symmetry is largely restored [20]. The left
figure shows this ratio for two light quarks with a mass in lattice units of 0.02 on a lattice
of size 163 × 4. The right figure shows different mass values from left to right of 0.02,
0.0375 and 0.075 on 83× 4, 123× 4 and 163× 4 lattices. We should notice how the larger
mass values slow the restoration down, which corresponds to moving the transition Tχ to
higher temperatures or even eliminating it altogether as indicated by the flatness of the
curves.
The main quantities which were analyzed here were the various susceptibilities:
1. The Polyakov loop susceptibility;
χL = N
3
σ
[
〈L2〉 − 〈L〉2
]
, (4.3)
2. The magnetic or chiral susceptibility;
χm =
T
V
Nf∑
i=1
∂2
∂m2i
lnZ(T ,V), (4.4)
3. The thermal susceptibility;
χθ = −
T
V
Nf∑
i=1
∂2
∂mi∂(1/T )
lnZ(T ,V). (4.5)
One compares the critical properties of χL, χm and χθ in order to establish the value of
Tχ and its critical properties in the chiral limit where mi → 0. However, in numerical
simulations mi must be taken to be finite– this means that one must use various different
small values of mi on different sized lattices N
3
σ × Nτ . The procedure uses the lattice
data to find the values around the peak of the susceptibility χm at Tχ for the smallest
masses, with which one can determine the critical structure. A careful determination of
the topological susceptibility relating to the chiral current correlations can be related to
the square of the topological charge Q2T [21] in the chiral limit, such that
Nf
m
〈Q2T 〉 = V 〈ψ¯ψ〉m→0. (4.6)
Thus from the susceptibility one can arrive at the quark condensate 〈ψ¯ψ〉. However, in
this computation it is a major problem to properly set the temperature scale for small
lattices with finite masses. The plots in Figure 2 are made with the coupling β which may
be compared with pure SU(3) on one side and the two flavor dynamical quark simulations
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on the other [22]. In the case of pure SU(3) the critical coupling βc for a 16
3 × 4 lattice
has the value [9] of about 5.70, which is considerably larger than the values of β shown in
Figure 2. However, for the two flavored dynamical quarks [22] the value of βc is around
5.40, which is still somewhat above the values shown in this figure.
In this section we have investigated the properties of the quark condensate 〈ψ¯ψ〉 alone
at various values of the coupling. However, here it is very difficult to immediately go over
to a physical temperature scale in the same way as in the previous section for the pure
gauge or gluon system. In what follows we shall look into the gluon condensate in the
presence of dynamical quarks. Here we know that the presence of the quark masses are
an immediate cause of scale symmetry breaking which of course change the scale of the
system. This in turn changes the beta function as well as adds a term due to the mass
renormalization. Thus the renormalization group equations are changed accordingly. This
effect we shall discuss more thoroughly in the following section.
5.24 5.26 5.28 5.3 5.32 5.34
0
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0.2
0.3
0.4
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0.6
0.7
0.8
0.9
< >
5.26 5.30 5.34
0
0.2
0.4
0.6
0.8
1.0
< >
Figure 2: The left figure shows < ψ¯ψ > as a function of the coupling β for the quark
mass in lattice units ma= 0.02, which is normalized to the vacuum value of the chiral
condensate. The right figure shows the same quantity with the different quark masses
0.02, 0.0375 and 0.075 from left to right [20].
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5 Gluon Condensate from the Trace Anomaly in the
Presence of Quarks with finite Masses
The discovery of anomalous terms appearing as a finite value of the trace of the energy
momentum tensor was pointed out as a result of nonperturbative evaluations in low-
energy theorems [23] many years ago. Furthermore, it was also somewhat later realized
how this factor arose with the process of renormalization in quantum field theory which
became known as the trace anomaly [24] since it was found in relation to an anomalous
trace of the energy momentum tensor.
In the presence of massive quarks the trace of the energy-momentum tensor takes the
following form [24] from the trace anomaly:
〈Θµµ〉 = mq〈ψ¯qψq〉 + 〈G
2〉, (5.1)
where mq is the light (renormalized) quark mass and ψq, ψ¯q represent the quark and
antiquark fields respectively. We include with these averages the renormalization group
functions β(g) and γ(g,m), which appear in this trace from the renormalization process.
Now we would like to discuss the changes in the computational procedure which arise
from the presence of dynamical quarks with a finite mass. There have been recently a
number of computations of the thermodynamical quantities in full QCD with two flavors
of staggered quarks [22, 26, 27], and with four flavors [25, 28]. These calculations are
still not as accurate as those in pure gauge theory for several reasons. The first is the
prohibitive cost of obtaining statistics similar to those obtained for pure QCD. So the
error on the interaction measure is considerably larger. The second reason, perhaps more
serious, lies in the effect of the quark masses currently simulated. They are still relatively
heavy, which increases the contribution of the quark condensate term to the interaction
measure. In fact, it is known that the vacuum expectation values for heavy quarks [13]is
proportional to the vacuum gluon condensate or in the first approximation
〈ψ¯qψq〉0 =
−1
12mq
〈G2〉0. (5.2)
Furthermore, there is an additional difficulty in setting properly the temperature scale
even to the extent of rather large changes in the critical temperature have been reported
in the literature depending upon the method of extraction. For two flavors of quarks the
values of Tc lie between 0.140GeV [22] and about 0.170GeV [29] which is considered
presently a good estimate of the physical value for the critical temperature.
We now indicate briefly how the thermodynamical information is obtained for the
equation of state in terms of the lattice quantities. We start with the expectation values
of the lattice action 〈S〉, which now contains some improved contributions for the pure
guage actions [15,25] as well the contribution from the lattice fermions 〈χ¯χ〉 as the chiral
condensate as discussed in the last section. These quantities can be gotten from the
partition function analogously to those in section 3. Explicitly it can be written as
〈S〉 = −
1
N3σNτ
∂
∂β
lnZ, (5.3)
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and
〈χ¯χ〉 = −
1
N3σNτ
∂
∂ma
lnZ. (5.4)
For the computation of the finite temperature analogous to the pure gauge where the
difference between S0 and ST is used to compute the thermodynamics. Here we define
〈S〉 = 〈S〉
0
− 〈S〉T (5.5)
and
〈χ¯χ〉 = 〈χ¯χ〉
0
− 〈χ¯χ〉T . (5.6)
Now we define instead of the lattice beta function two similar quantities called [25] Rβ
and Rm. We write
Rβ =
d β
d lna
, (5.7)
and
Rm =
d ma
d lna
. (5.8)
We are now able to define a new interaction measure in the presence of dynamical quarks
∆m(T ) in terms of these quantities, so that
∆m(T ) = −N
4
τ
[
Rβ〈S〉 − Rm〈χ¯χ〉
]
. (5.9)
Here we note the explicit effect of the quark condensate in the computation of ∆m(T ).
Here it is appropriate to briefly explain another approach [25] to the setting of the
temperature scale for the lattice computations. An effective coupling can be defined βeff
in terms of the gluonic part of the action as
βeff =
12
〈S〉(β)
. (5.10)
Then the dependence is used to calculate the derivative Rβ with the help of the asymptotic
two loop renormalization group equation. This procedure [25] also fixes the temperature
scale so that
T
Tc
=
(
βeff
βc
)−77/625
exp
(
4π2
25
(βeff − βc)
)
. (5.11)
This method allows us to establish the temperature in comparison to the critical temper-
ature.
We are now able to write down an equation for the temperature dependence of the
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thermally averaged trace of the energy momentum tensor including the effects of the light
quarks from ∆m(T ) so that
〈Θµµ〉T = ∆m(T )× T
4. (5.12)
The thermally averaged gluon condensate is computed including the light quarks in the
trace anomaly using the equation (5.1) and the interaction measure in 〈Θµµ〉T to get
〈G2〉T = 〈G
2〉0 + mq〈ψ¯qψq〉0 − mq〈ψ¯qψq〉T − 〈Θ
µ
µ〉T . (5.13)
It is possible to see from this equation that at very low temperatures the additional contri-
bution to the temperature dependence of the gluon condensate from the quark condensate
is rather insignificant and disappears at zero temperature. However, in the range where
the chiral symmetry is being restored there is an additional effect from the term 〈ψ¯qψq〉T ,
which lowers 〈G2〉T . Well above Tc after the chiral symmetry has been mostly restored
the only remaining effect of the quark condensate is that of mq〈ψ¯qψq〉0. It is known [13]
that this term then the gluon condensate of the vacuum. Thus we expect [11] that for the
light quarks the temperature dependence can only be important below Tc. In the case of
the chiral limit mq → 0 the equation (5.13) takes the form of Leutwyler’s equation (2.3)
as, of course, it should because Leutwyler used two massless quarks [12]. For the smaller
values of the simulated quark masses in lattice units of 0.01 to 0.02 〈ψ¯qψq〉T has mostly
disappeared in the range where 〈G2〉T differs from 〈G
2〉0.
In order to see this effect, we look at Figure 3 where the data of various simulations of
finite temperature QCD with dynamical quarks is used to show 〈G2〉T as a function of T.
Included in this figure is a plot of the pure gauge SU(3) with its Tc rescaled to 0.150 GeV ,
which is shown with the broken lines [11]. The Bielefeld four flavor data [25, 28] is used
to compute 〈G2〉T [11] shown in the open squares. The masses in these simulations are
rather large, 0.05 and 0.1 in lattice units. These quite large masses do cause the quark
terms to be more important at a considerably lower temperature. Also since there are
four massive flavors, the total contribution is larger. Thus at lower temperatures below
Tc the points for 〈G
2〉T lie considerably below those values for the pure gauge theory.
Starting at around 0.100 GeV we can see [11] a difference from 〈G2〉0. However, at high
temperatures we notice that the points are well above the pure gauge theory.
For the two flavor quarks we show two sets of published data from the MILC collab-
oration [22, 26, 27], both of which involved a rather extensive analysis of various thermo-
dynamical quantities. The masses in these cases are somewhat lighter, 0.0125 and 0.025
in lattice units. The earlier data [26, 27],which has been used [11] to compute 〈G2〉T , is
indicated by the solid squares in Figure 3. Its behavior shows a smaller decrease than the
four flavor data and, indeed, follows more closely the pure SU(3) data [9] at lower tem-
peratures. At or slightly above Tc it appears that the data points for 〈G
2〉T even rise [11].
This apparent effect does not seem to be very physically reasonnable or, at best, it is
unexpected! We would physically expect the raising of the system to higher temperatures
to continually reduce the amount of gluon condensate. However, the newer data [22],
which is indicated by the crosses in Figure 3, follows closely the earlier below Tc, but falls
considerably below the solid squares above the critical temperature. Nevertheless, the
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data points at the higher temperatures still do not decrease in value very rapidly so that
within the errorbars the decondensation appears to remain flat. This tendency is clearly
very different from the pure gauge theory as shown in Section 3.
As an end to this discussion of the gluon condensate in QCD we will mention a few
other points. Where in simulations on pure SU(Nc) gauge theory we could depend on
considerable precision in the determination of Tc and ∆(T ) as well as numerous other
thermodynamical functions, it is still not the case for the theory with dynamical quarks.
The statistics for the numerical measurements are generally smaller. The determination
of the temperature scale is thereby hindered so that it is harder to clearly specify a given
quantity in terms of T . Thus, in general, we may state that the accuracy for the full
QCD is way down when compared to the computations of the pure lattice gauge theories.
However, there is a point that arises from the effect that the temperatures in full QCD are
generally lower, so that ∆(T )× T 4 is much smaller [11]. Here we can only speculate with
the present computations [22, 26–28]. Nevertheless, there could be an indication of how
the stability of the full QCD keeps 〈G2〉T positive for T > Tc. The condensates in full
QCD have also been considered by Koch and Brown [30]. However, the lattice data which
they used were not obtained using a non-perturbative method, nor was the temperature
scale obtained from the full non-perturbative beta-function. Finally we should remark
that the determination of the gluon condensate for the vacuum is more significant in the
presence of dynamical quarks. At the present stage of the computations the newer MILC
results [22] would prefer the earlier value of 0.012 GeV 4 [13] in contrast to the newer value
of 0.0226 GeV 4 [14] only in the sense that the former favors a larger proportion of the
condensate to have vanished near the critical temperature.
6 Anomalous Currents at Finite Temperature
In the previous sections we noticed that the fact that the trace of the energy momentum
tensor does not vanish for the strong interactions has important implications for the equa-
tion of state. Here we shall discuss some more theoretical results relating to Θµµ(T ) or
more exactly its relation to the corresponding differential four-forms on a four-manifold
coming from G2d4x, the gluon condensate in four dimensional space-time, where d4x is
short for the wedge product of the four different space-time differentials. This situation
brings about certain properties with respect to the dilatation current as well as the spe-
cial conformal currents, both of which are not conserved. On the other hand we have the
anomalous chiral current which relates to the other four-form arising from G¯Gd4x result-
ing from the nonconservation of the chiral current. In absolute magnitude this current
has less importance at high temperatures for disappearing quark masses since the chiral
symmetry is then completely restored . Nevertheless, it obviously plays a role near the
deconfinement temperature of a system with finite quark masses through the above noted
changes in the gluon condensate at finite temperature.
The dilatation current Dµ has been defined above in terms of the position four-vector
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xµ and the energy momentum tensor T µν as simply the product xαT
µα as moments of the
energy density. In the case of general energy momentum conservation one can find [31]
quite simply a relation to the equation of state. We now look into a volume in four di-
mensional space-time V4 containing all the quarks and gluons at a fixed temperature T
in equilibrium. The flow equation (1.2) holds when the energy momentum and all the
(color) currents are conserved over the surface ∂V4 of the properly oriented four-volume
V4, which yields ∮
∂V4
DµdS
µ =
∫
V4
T µµ dV4, (6.1)
We have already introduced [10] the dyxle three-form as DµdS
µ on the three dimensional
surface ∂V4. The dyxle is the dual form to Dµdx
µ the dilatation current one-form [32]
in four dimensional space-time. It represents the flux through this closed surface acting
as the boundry of the volume V4. On the right hand side of (6.1) the integrated form∫
V4
T µµ dV4 is an action or flux integral involving the equation of state. Since T
µ
µ > 0, the
action integral is not zero. This action integral gets quantized with the fields through the
renormalization process. It acts as the source term.
An analogous form can be defined for the four special conformal currents which we
shall call the fourspan. The dual forms are derived from the equation (1.3) in a similar
manner to the dyxle, which yields
∮
∂V4
KαµdS
µ =
∫
V4
2xαT µµ dV4, (6.2)
Of most immediate interest to us here is really the finite temperature part of the
dyxle D(T )µdS
µ in relation to the quark-gluon condensates in QCD. This physical quan-
tity represents the flux as force through an area at a temperature T . Directly interpreted
the dyxle is the first moment in space-time of the energy-momentum. The vacuum part
just represents a fixed quantization where its value comes out of the renormalization of
the loops from the QCD beta and gamma functions. When we set only Θµµ(T ) into the
dyxle equation (6.1), we get the integral over a bounded region of space-time in terms of
the actual four-forms in vacuo and at finite temperature
∫
V4
(G2
0
− G2(T ))dV4, which
comes directly out of Leutwyler’s equation (2.3). This integral is clearly related to the
interaction measure ∆(T ) in a bounded region of space-time. Hereby the problem is re-
duced to one in homology relating to the topology of the space-time. Unfortunately, The
topological properties of the fourspan at finite temperature is not so directly related with
the lattice results. The four conformal currents are each related to higher moments of
the energy-momentum in space-time. Therefore, each of the four currents have a different
moment structure relating to a different second moments of the energy-momentum. Here
we are able at this time to say very little numerically about them.
The flux integrals arising in finite temperature QCD remind us of some geometrically
much simpler properties of the electromagnetic flux, which is usually described in terms
of Gauss’ Law using a closed two dimensional surface through which the electromagnetic
fields penetrate. The nature of this two dimensional spatial surface is easily represented
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as a subspace of a three dimensional Euclidean geometry. Our envisioning now becomes
a bit more difficult with a three dimensional surface for a four dimensional space- time
where we try to attibute this flux structure to a dual three-form with the property that
the dyxle has a ”source term” arising from the equation of state in four dimensional
space-time. This is the statement of the integral form of the above equation (6.1). It
would be nice if we were able to directly relate this statement to that of confinement or
deconfinement. However, as a phase transition it is presently unclear how to relate these
results to a single simple order parameter in all cases.
7 Summary, Conclusions and Speculations
The main investigation of this paper involves the study of nonconserved anomalous cur-
rents using numerical results relating to the existence of particular four-forms in finite
temperature QCD. For the pure gauge theory we consider only the trace anomaly and its
implications on the gluon condensate as discussed in the third section. The presence of
quarks with finite masses brings about an interplay between the renormalization causing
scale breaking and the explicit scale breaking due to the masses. Here both anomalies
must be considered.
Although the explicit nature of the two anomalies have quite different physical origins,
the general effect on the gluon condensate at high temperature is quite similar. The trace
anomaly alone reflecting the breaking of the scale and conformal symmetries, while the
chiral anomaly comes from the two different representations of SL(2,C) representing the
two chiralities. In the case of the scale and conformal symmetries there is never restora-
tion, but only a change in the breaking due to the temperature dependence. For the chiral
symmetry it is resored at high temperatures up to the effects of the quark masses. For
the larger quark masses the breaking at high temperature remains considerable as we saw
in the fourth section. In the fifth section we looked at the combined effects of the two
anomalies but only for fairly small quark masses, that is well under the energy scale of
the critical temperature. Thus the explicit mass effect with the gluon condensate arising
with the quark condensate is very small, which lets us use the numbers directly from the
simulations. At the moment we can only at most speculate about the role of the heavier
quarks with a mass around the energy value of Tc. Here a brief thought on it may be of
value.
The speculations are on a three quark model with two light quarks of less than 10
MeV and one heavy quark of about 150 MeV representing u-, d- and s-quarks respec-
tively. The energy scale of the s-quark’s mass is very close to that of Tc. Thus any sizable
s-quark condensate would have a sizable contribution to the gluon condensate at finite
temperature through equation (5.13). The very heavy quark condensates are given by
(5.2), which gives an amount inversely proportional to the quark mass. Thus one would
expect the charmed as well as, of course, the bottom and top quarks to have a very small
role at Tc in the decondensation of the gluons. The very heavy quarks are those which
provide the static gluon fields without the dynamical effects.
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Figure 3: The gluon condensate < G2 >T in GeV
4 with dynamical quarks is plot-
ted against the temperature T in GeV in the following cases: pure gauge theory [9]
(broken lines); Bielefeld computation [25] (open squares); MILC’96 [27] (filled squares);
MILC’97 [22] (crosses)
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